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PREFACE

INTEGRATION- A student’s handbook is written as a reference for student 

enrolled in course DBM20023 - Engineering Mathematics 2 at Polytechnics 

Malaysia. The e-book contains nine subtopics: Indefinite Integral, Definite 

Integral, Integrals of Trigonometric Function, Integrals of Reciprocal 

Function, Integrals of Exponential Function, Integration by Parts, Integration 

of Partial Fraction and Apply the Techniques of Integration. The notes 

provided in this book have been written based on syllabus of the course and 

supported with diagrams for better understanding. On top of that, the 

practices and assessment provided in this e-book are tailored to suits the 

needs of students in understanding the topic
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 Integration can be used to find areas, 

volumes,     central points and many 

useful things. It is often used to find

the area underneath the graph of a 

function and the x-axis.

 The first rule to know is that integrals 

and derivatives are opposites!

3.0 INTEGRATION

 Integration is the inverse or reverse 

process of differentiation

 The process of obtaining y from 
𝑑𝑦

𝑑𝑥
is 

know as integration

 The symbol for the integration is ׬

DIFFERENTIATION ↔ INTEGRATION

Sometimes we can work out an integral 
because we know a matching derivative

𝑑𝑦

𝑑𝑥
↔ න𝑑𝑥
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 without upper and lower limits, 

 also called an antiderivative.

FORMULA

INDEFINITE INTEGRALS INDEFINITE INTEGRALS

0׬ 𝑑𝑥 = 𝑐 ; 𝑛 ≠ 1
න𝑘𝑓 𝑥 𝑑𝑥 = 𝑘න𝑓 𝑥 𝑑𝑥

׬ 𝑥𝑛 𝑑𝑥 =
𝑥𝑛+1

𝑛+1
+ 𝑐 ; 𝑛 ≠ 1 𝑎𝑥𝑛׬ 𝑑𝑥 =

𝑎𝑥𝑛+1

𝑛+1
+ 𝑐 ; 𝑛 ≠ 1

න 𝑓 𝑥 ± 𝑔 𝑥 𝑑𝑥 = න𝑓 𝑥 𝑑𝑥 ± න𝑔 𝑥 𝑑𝑥 ׬ 𝑎𝑥 + 𝑏 𝑛 𝑑𝑥 =
𝑎𝑥+𝑏 𝑛+1

𝑎 𝑛+1
+ 𝑐 ; 𝑛 ≠

1

׬
1

𝑥
𝑑𝑥 = ln 𝑥 + 𝑐 ׬ 𝑐𝑜𝑠 𝑥 𝑑𝑥 = 𝑠𝑖𝑛 𝑥 + 𝑐

න𝑒𝑥 𝑑𝑥 = 𝑒𝑥 + 𝑐 න𝑠𝑖𝑛 𝑥 𝑑𝑥 = −𝑐𝑜𝑠 𝑥 + 𝑐

න𝑒𝑎𝑥 𝑑𝑥 =
𝑒𝑎𝑥

𝑎
+ 𝑐 න𝑠𝑒𝑐𝑛 𝑥 𝑑𝑥 = 𝑡𝑎𝑛 𝑥 + 𝑐

3.1 INDIFINITE INTEGRAL
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CONSTANT FUNCTION ALGEBRAIC FUNCTION ADDITION & 
SUBTRACTION

IMPORTANT!!!!
NEED TO CHANGE BEFORE SOLVE THE PROBLEM

1. Square root power

#POWER cannot  be ‘-1’

2. Fraction

3. Expand

4. Separate

BASIC INTEGRATION FUNCTION
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BASIC INTEGRATION FUNCTION

HOW TO INTEGRATE ?

STEPS: 

Example│Integrate:

INTEGRATION OF ALGEBRAIC FUNCTION

a] න7𝑥 𝑑𝑥 b] න𝑥2 𝑑𝑥 c] න6𝑥−2 𝑑𝑥

 POWER is added by 1

 Denominator = NEW 

POWER

 + c (indefinite integral)
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Example│Integrate:

INTEGRATION OF CONSTANT

INTEGRATION OF A FUNCTION INVOLVING ADDITION 

& SUBTRACTION 

Example│Integrate:

expand

BASIC INTEGRATION FUNCTION
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Exercises│Integrate:

INTEGRATION OF CONSTANT

INTEGRATION OF ALGEBRAIC FUNCTION

Exercises│Integrate:

f] ׬ 65 𝑑𝑥𝑒]න2.5 sin 𝑥 𝑑𝑥

BASIC INTEGRATION FUNCTION
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3.1.2 INTEGRATION OF A FUNCTION INVOLVING 
ADDITION & SUBTRACTION 

Exercises│Integrate:

ℎ] න
𝑡

4
𝑑𝑡
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HOW TO INTEGRATE ?

STEPS: 

Example│Integrate:

INTEGRATION OF ALGEBRAIC FUNCTION

INTEGRATION OF COMPOSITE FUNCTION

Power is +1

New Power 

Change the form Change the form

3.2 INTEGRATION OF AN ALGEBRAIC FUNCTION
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Exercises│Integrate

:

3.2.1 FORMULA METHOD

Integration of AN ALGEBRAIC FUNCTION
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SUBSTITUATION 

METHOD

3.2.2 INTEGRATION OF COMPOSITE FUNCTION

Characteristic Of ‘u’ :

❑ The term under a ROOT

❑ The HIGHEST POWER

❑ The term in the DENOMINATOR

❑ The EXPONENTIAL function

❑ The RECIPROCAL function

❑ The term inside a TRIGONOMETRY

function

Integration of AN ALGEBRAIC FUNCTION
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Integration of AN ALGEBRAIC FUNCTION

4

SUBSTITUTION METHOD
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2

expand

Integration of AN ALGEBRAIC FUNCTION

SUBSTITUTION METHOD
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Exercises│Integrate

:

SUBSTITUTION METHOD

Integration of AN ALGEBRAIC FUNCTION
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3.3 DEFINITE INTEGRAL

 the limit and summation, 

 a and b (called limits, bounds or 

boundaries.

Definite Integral PROPERTIES
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upper limit value

Lower limit value

[upper limit]-[lower limit]

[upper limit]-[lower limit]

upper limit value

Lower limit value

Integration of DEFINITE INTEGRAL

Example│Integrate:

Power is +1

New Power 

upper limit value

Lower limit value

[upper limit]-[lower limit]

Formula method Substitution method
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Exercises│Integrate:

Integration of DEFINITE INTEGRAL
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Formula method

Exercises│Integrate:
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Substitution  
method

Exercises│Integrate:

21
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3.4 TRIGONOMETRIC FUNCTION

Bracket still 

same

HOW TO INTEGRATE ?

STEPS: 

𝑑𝑦

𝑑𝑥

23



Integration of TRIGONOMETRIC FUNCTION

Example│Integrate:

Bracket same
Integrate trigo

Substitution method
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Integration of TRIGONOMETRIC FUNCTION

Exercises│Integrate:

25
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3.5 RECIPROCAL FUNCTION

HOW TO INTEGRATE ?

Bracket still same

REMEMBER!!!

POWER cannot be ‘-1
# Power of the x or bracket must be 1

( denominator)
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Integration of RECIPROCAL FUNCTION

Example│Integrate:

Bracket same

Power=1

Power=1

Bracket same

Power of bracket =1
Substitution method
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Integration of RECIPROCAL FUNCTION

Exercises│Integrate:
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𝑛] න
𝑏 − 1

𝑏2 − 1
𝑑𝑏
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3.6 EXPONENTIAL FUNCTION

HOW TO INTEGRATE ?

Exp & power still same

REMEMBER!!!

Exponent function UNCHANGED
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Integration of EXPONENTIAL FUNCTION

Example│Integrate:

Substitution method

Exponent & power 
unchanged

Exponent & power 
unchanged
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Integration of EXPONENTIAL FUNCTION

g] ׬ 𝑒−4𝑚+7 − 9𝑒2𝑚 dm

Exercises│Integrate:

33



34



3.7 BY PART

HOW TO INTEGRATE ?

STEPS: 

PRIORITY OF U

Formula
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BY PART

TABULAR METHOD 

STEPS: 

Remember!!!
Logarithm -differentiate one time only

Algebraic-differentiate repeatedly until you obtain 0
Combination trigonometric & exponential -differentiate until  second 

derivative

36



Example│Solve the problem:

Integration of BY PART

Formula by part Tabular method

sign Differentiation Integration

+ 𝑙𝑛 𝑥 𝑥2

-
1

𝑥

𝑥3

3

Formula

= 𝑙𝑛 𝑥
𝑥3

3
- ׬

𝑥3

3

𝑑𝑥

𝑥

=
𝑥3

3
𝑙𝑛 𝑥 - ׬

𝑥2

3
𝑑𝑥

=
𝑥3

3
𝑙𝑛 𝑥 -

𝑥3

9
+ c

=
𝑥3

3
𝑙𝑛 𝑥 - ׬

𝑥2

3
𝑑𝑥

=
𝑥3

3
𝑙𝑛 𝑥 -

𝑥3

9
+ c
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Integration of BY PART

Formula by part Tabular method

Formula

sign 𝑑𝑦

𝑑𝑥
න𝒅𝒙

+ 3𝑥2 𝑒−𝑥

- 6𝑥 −𝑒−𝑥

+ 6 𝑒−𝑥

- 0 −𝑒−𝑥

=−3𝑥2𝑒−𝑥 − 6𝑥𝑒−𝑥 − 6𝑒−𝑥 + 𝑐

=−3𝑥2𝑒−𝑥 − 𝑒−𝑥−׬ 6𝑥𝑑𝑥

𝑑𝑢 = 6𝑑𝑥

solve using by part again

=−3𝑥2𝑒−𝑥 + 6𝑥𝑒−𝑥𝑑𝑥׬

Formula

=−6𝑥𝑒−𝑥 − 𝑒−𝑥−׬ 6𝑑𝑥

=−6𝑥𝑒−𝑥 + 6𝑒−𝑥𝑑𝑥׬

=−6𝑥𝑒−𝑥 − 6𝑒−𝑥 + c

=−3𝑥2𝑒−𝑥 − 6𝑥𝑒−𝑥 − 6𝑒−𝑥 + c

Example│Solve the problem:
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Integration of BY PART

Formula by part Tabular method

Formula

sign 𝑑𝑦

𝑑𝑥
න𝒅𝒙

+ 3sin x 𝑒𝑥

- 3𝑐𝑜𝑠𝑥 𝑒𝑥

+ −𝑠𝑖𝑛𝑥 𝑒𝑥

Same with question

Same with question

𝑢 = 3𝑐𝑜𝑠𝑥
solve using by part again

Example│Solve the problem:
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Integration BY PART

(Formula method)

(Tabular method)

𝑎]න3𝑡2𝑙𝑛 4𝑡 𝑑𝑡

Exercises│Solve the problem:

40



(Formula method)

(Tabular method)

b] ׬ 𝑥𝑙𝑛 4𝑥 𝑑𝑥

41



(Formula method)

(Tabular method)

c] ׬ 3𝑥2𝑒2𝑥+1𝑑𝑥
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(Formula method)

(Tabular method)

d] ׬ 8𝑥3𝑒−2𝑥𝑑𝑥
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(Formula method)

(Tabular method)

e] ׬ 8𝑥3𝑒3𝑥𝑑𝑥
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(Formula method)

(Tabular method)

f] ׬ 𝑥3cos(4𝑥 + 2)𝑑𝑥
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(Formula method)

(tabular method)

g] ׬ 2𝑒𝑥cos(𝑥)𝑑𝑥
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(Formula method)

(Tabular method)

h] ׬ 2𝑒2𝑥sin(𝑥)𝑑𝑥
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(Formula method)

(Tabular method)

i] ׬ 4𝑒3𝑥𝑐𝑜𝑠(2𝑥)𝑑𝑥
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(Formula method)

(Tabular method)

j] ׬ 𝑒−𝑥𝑐𝑜𝑠(2𝑥 + 3)𝑑𝑥
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3.8 PARTIAL FRACTION

STEPS: 

HOW TO INTEGRATE ?
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Example│Solve the problem:

Integration by PARTIAL FRACTION

Linear factor
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Integration by PARTIAL FRACTION

Exercises│Solve the problem:
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𝑔]න
𝑥3 + 2

𝑥 − 2 𝑥 + 3
𝑑𝑥
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ℎ]න
11𝑥 + 17

2𝑥2 + 7𝑥 − 4
𝑑𝑥
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i]න
−𝑡2 + 3𝑡 + 1

𝑡 + 1 𝑡2 + 2
𝑑𝑡
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j]න
𝑡3 + 1

𝑡2 − 𝑡
𝑑𝑡
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k]න
𝑥3 + 1

𝑥2 − 𝑥
𝑑𝑥
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3.9 APPLICATION OF INTEGRATION

x-axis curve

AREA VOLUME


b

x dxyA
a



b

x dxxV
a

2

REMEMBER!!!
When used ׬𝑦 𝑑𝑥

Negative value below x-axis
Positive value on the x-axis
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3.9 APPLICATION OF INTEGRATION

y-axis curve

AREA VOLUME



d

y dyxA
c



d

y dyxV
c

2

REMEMBER!!!
When used ׬𝑥 𝑑𝑦

Negative value at the left y-axis
Positive value at the right y-axis
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Example│Find the area and volume bounded for x-axis:

Integration by APPLICATION OF INTEGRATION

a]

AREA VOLUME



b

x dxxV
a

2

= πන
2

4

2𝑥2 + 3 2𝑑𝑥

= πන
2

4

4𝑥4 + 12𝑥2 + 9 𝑑𝑥

= 𝜋
4𝑥5

5
+
12𝑥3

3
+ 9𝑥

2

4

= 𝜋

4 4 5

5
+
12 4 3

3
+ 9 4

−

4 2 5

5
+
12 2 3

3
+ 9 2

=
5178

5
𝜋 𝑢𝑛𝑖𝑡3


b

x dxyA
a

= න
2

4

2𝑥2 + 3 𝑑𝑥

=
2𝑥3

3
+ 3𝑥

2

4

=
2 4 3

3
+ 3 4 -

2 2 3

3
+ 3 2

=
130

3
𝑢𝑛𝑖𝑡2
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Example│Find the area and volume bounded for y-axis:

b]

# Area & volume has no 

negative value. A 

negative sign indicates 

that the shaded region 

is below the x-axis 

AREA VOLUME
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Integration by APPLICATION OF INTEGRATION

Example│Find the area and volume bounded :

AREA VOLUME

a]

67



b]

AREA VOLUME
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c]

AREA VOLUME
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d]

AREA VOLUME
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e]

AREA VOLUME
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f]

AREA VOLUME

72



g]

AREA VOLUME
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h]

AREA VOLUME
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Integration by APPLICATION OF INTEGRATION

Area and volume under the curve 
(ADDITION)

A B C

ATTENTION: A = B + C 

REMEMBER!!!
The Limit Are Not Same
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Example│Find the area bounded for x-axis:

Integration by APPLICATION OF INTEGRATION

a]
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Example│Find the volume bounded for x-axis:

Integration by APPLICATION OF INTEGRATION

b]
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Integration by APPLICATION OF INTEGRATION

Example│Find the area and volume bounded :

a]

1 2

Area:

Volume:
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b]

Area:

Volume:

79



c]

Area:

Volume:
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d]

Area:

Volume:
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Integration by APPLICATION OF INTEGRATION

A B C

ATTENTION: A = B - C 

REMEMBER!!!
The Limit Are Same

Area and volume under the curve 
(SUBTRACTION)
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Example│Find the area bounded for x-axis:

Integration by APPLICATION OF INTEGRATION

a]

1 3

1 1
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Example│Find the volume bounded for x-axis:

Integration by APPLICATION OF INTEGRATION

b]

1 3

1 1
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Integration by APPLICATION OF INTEGRATION

Exercises│Find the area and volume bounded :

a]

Area:

Volume:
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b]

Area:

Volume:
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c]

Area:

Volume:
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d]

Area:

Volume:
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e]

Area:

Volume:
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f]

Area:

Volume:
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